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Parametric Resonances
of a Spinning Cyclic Symmetric
Rotor Assembled to a Flexible
Stationary Housing Via Multiple
Bearings
This paper is meant to model free vibration of a coupled rotor-bearing-housing system.
In particular, the rotor is cyclic symmetric and spins at constant speed while the housing
is stationary and flexible. The rotor and housing are assembled via multiple, linear, elas-
tic bearings. A set of equations of motion is derived using component mode synthesis, in
which the rotor and the housing each are treated as a component. The equations of
motion take the form of ordinary differential equations with periodic coefficients. Analy-
ses of the equations of motion indicate that instabilities could appear at certain spin
speed in the form of combination resonances of the sum type. To demonstrate the validity
of the formulation, two numerical examples are studied. For the first example, the spin-
ning rotor is an axisymmetric disk, and the housing is a square plate with a central shaft.
The rotor and the housing are connected via two linear elastic bearings. For the second
example, the rotor is cyclic symmetric in the form of a disk with four evenly spaced radial
slots. The housing and bearings remain the same. In both examples, instability appears
as a combination resonance of the sum type between a rotor mode and an elastic housing
mode. The cyclic symmetric rotor, however, has more instability zones. Finally, effects of
damping are studied. Damping of the housing widens the instability zones, whereas the
damping of the rotor does the opposite. [DOI: 10.1115/1.4024760]

1 Introduction

A spinning cyclic symmetric rotor mounted on a stationary
housing via multiple bearings is a very common platform used in
modern rotary machinery. Representative examples include pro-
pellers, wind turbines, bladed turbine disks, and compressors. Tra-
ditionally, the housing is massive and rigid, so vibration tends to
be more pronounced at the rotor. Therefore, most literature on
rotor dynamics focuses on vibration analyses of spinning rotors.

In the last decade, emergent applications started to call for
designs that employ a lighter housing or a larger rotor. A natural
consequence is that vibration of the rotor and housing becomes
coupled through the bearings. As an example, wind turbines now
adopt long, huge blades, whereas the housing is reduced in weight
to lower material costs. Research has shown that wind turbines ex-
perience considerable coupled vibration between the blades and
the tower [1–5]. Similarly, in developing greener engines with
higher fuel efficiency and less emission, the turbine engine indus-
try seeks to reduce the weight (and hence rigidity) and to increase
the bypass ratio of turbine engines. This design trend tends to
cause considerable coupled vibration between the rotating parts
and the stationary parts and motivates vibration analyses of entire
rotor-bearing-housing systems [6,7].

Although these early publications have attempted to model a
rotor-bearing-housing system, the rotor is assumed to take a
specific geometry (e.g., a beam). A universal model for cyclic
symmetric rotors and housing with arbitrary geometry remains

open. Moreover, characteristic responses of cyclic symmetric
rotor-bearing-housing systems have not been thoroughly studied
and understood.

Motivated by industrial needs and academic challenges, this pa-
per is meant to develop a formulation that accommodates arbitrary
geometry for the spinning rotor and the stationary housing. Such a
formulation is universal and will be valid for various cyclic sym-
metric rotors, ranging from wind turbines to bladed turbine disks.
Characteristics drawn from this model will then be applied to any
cyclic symmetric rotor mounted on a flexible housing.

Developing such a universal formulation, however, is a nontri-
vial task. There are two major challenges to overcome. The first
challenge is that traditional vibration analyses of cyclic symmetric
rotors assume no bearings or housing [8–19]. A systematic way to
incorporate a stationary housing and multiple bearings to a spin-
ning cyclic symmetric rotor is yet to be developed. The only
knowledge thus far in this context is that the presence of the bear-
ings may cause some rotor modes to be coupled with the bearings
while other modes may not [20]. More specifically, if a rotor
vibration mode presents unbalanced inertia forces or moments as
the rotor vibrates, the rotor vibration mode will couple with
the housing. These vibration modes are known as unbalanced
modes [20].

The second challenge is that equations of motion could possess
extremely high order if a rotor-bearing-housing system is not
properly formulated. Theoretically, such a system is governed by
partial differential equations with time-varying coefficients
because the rotor’s mass and stiffness distributions change peri-
odically with respect to the housing [3–5]. If a finite element
method is used to discretize the system, the order will be so high
that numerical solutions become impractical. Therefore, novel
ways must be sought to significantly reduce the order to make nu-
merical predictions feasible.
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To overcome these challenges, we employ two coordinate sys-
tems in the formulation. A rotor-based coordinate system is used
for the spinning rotor to accommodate its cyclic symmetry
[16–19]. A ground-based coordinate is used to describe the
response of the stationary housing [21]. The rotor and the housing
are then discretized in respective coordinate systems, for example
via mode shapes, to reduce the order. Finally, the rotor, housing,
and bearings are assembled together to derive the equation of
motion with a reduced order.

Specifically, derivation of the equation of motion with a
reduced order consists of the following steps. The first step is to
extract mode shapes of the rotors and housings. Since the two
coordinates are fixed to the rotor and the housing, respectively,
the rotors and housings could be considered stationary in the re-
spective coordinates. Then a finite element analysis is conducted
on the rotor and housing to obtain their natural frequencies and
mode shapes. Since the mode shapes are orthogonal in respective
coordinate systems, they form two complete sets of basis.

The second step is discretization through use of the two coordi-
nate systems. Since the mode shapes are complete, the rotor-based
response of the spinning rotor can be represented in terms of its
mode shapes and their modal response (also known as generalized
coordinates). Likewise, ground-based response of the stationary
housing can be represented in terms of its mode shapes and their
modal response. Therefore, kinetic and potential energies of the
rotor and housing can be discretized in terms of these two sets of
generalized coordinates. Similarly, bearing deformation resulting
from relative displacements between the rotor and housing can
also be discretized. (Since two coordinate systems are present, the
relative displacement is only meaningful after a coordinate trans-
formation is performed.) Through the use of the Lagrange equa-
tion, a set of equations of motion with periodic coefficients is
obtained, where the periodic coefficients come from the bearing
deformation and the coordinate transformation. Solution of the
equation of motion can be obtained via the method of multiple
scales or numerical integrations.

For the rest of the paper, we will first derive the equation of
motion with a reduced order following the outline described
above. Next, we will have a brief discussion on the convergence
rate of this formulation. Then, we will use the equations of motion
to conduct two numerical examples. The first example has an axi-
symmetric disk as the spinning rotor, while the second example
has a cyclic symmetric rotor in the form of a circular disk with
evenly spaced radial slots. In both examples, the rotor is supported
on a stationary elastic plate (i.e., the housing) via two elastic bear-
ings. We then analyze stability of the rotor-bearing-housing sys-
tem as a function of the spin speed to study how cyclic symmetry
affects the stability. Finally, we demonstrate how damping affects
the stability of a coupled rotor-bearing-housing system.

2 Mathematical Formulations

This section includes formulations of the stationary housing,
spinning rotor, bearing deformations, generalized bearing forces,
and the equations of motion. In addition, methods of solving the
equations of motion are briefly discussed.

2.1 Formulation of the Stationary Housing. The stationary
housing is modeled as an elastic structure with arbitrary shapes.
Let O be a convenient reference point on the housing. With O
being the origin, one can define an inertia frame XYZ with unit
vectors I, J, and K. Now consider an arbitrary point P in the hous-
ing with position vector

r̂ � r̂xIþ r̂yJþ r̂zK (1)

When the housing undergoes an elastic deformation WðHÞðr̂; tÞ,
where the superscript ðHÞ refers to the stationary housing, it can
be approximated in terms of nh vibration modes via

WðHÞðr̂; tÞ �
Xnh

n¼1

WðHÞ
n ðr̂ÞqðHÞn ðtÞ (2)

In Eq. (2),

WðHÞ
n ðr̂Þ � WðHÞxn ðr̂ÞIþWðHÞyn ðr̂ÞJþWðHÞzn ðr̂ÞK (3)

is the n-th vibration mode shape, and qðHÞn ðtÞ is the corresponding
generalized coordinate. In addition, the mode shapes satisfy the

orthonormality conditions
Ð

WðHÞ
m ðr̂Þ �WðHÞ

n ðr̂Þdm ¼ dmn andÐ
VH WðHÞ

m ðr̂Þ;WðHÞ
n ðr̂Þ

� �
dV ¼ xðHÞn

� �2
dmn, where dmn is the Kro-

necker d, xðHÞn is the natural frequency of the n-th vibration mode,
and VH½�; �� is a potential energy inner-product operator. Since
the housing is stationary, the motion of point P results entirely

from the elastic deformation WðHÞðr̂; tÞ. Hence, the displacement
of P is

RP �WðHÞðr̂; tÞ (4)

and the velocity of point P is

_RP ¼
Xnh

n¼1

WðHÞ
n ðr̂Þ _qðHÞn ðtÞ (5)

where Eq. (2) has been used. Moreover, the kinetic energy of the

housing is TðHÞ ¼ 1
2

Pnh

n¼1 _qðHÞn

� �2
, and the potential energy of the

housing is VðHÞ ¼ 1
2

Ð
Vh½WðHÞ;WðHÞ�dV ¼ 1

2

Pnh

n¼1 xðHÞn qðHÞn ðtÞ
� �2

.

2.2 Formulation of the Rotor. The rotor is modeled as an
elastic solid of arbitrary geometry with its centroid G located on
the spin axis (i.e., rotor is perfectly balanced). Moreover, the rotor
is subject to free-body boundary conditions and can undergo
rigid-body motion as well as elastic deformation. To formulate
the motion of the rotor, let us first define a virgin state for refer-
ence. In the virgin state, the rotor-bearing-housing system experi-
ences no elastic deformation and no rigid-body motion except the
spin of the rotor. Moreover, let G0 denote the location of the cent-
roid in the virgin state; see Fig. 1. (Note that G and G0 coincide in
the virgin state but will correspond to two different points in
actual motion.) With G0 as the origin, one can define an inertia
Cartesian coordinate system ~X ~Y ~Z with ~Z being the spin axis in the
virgin state. (Note that the rotor might wobble in actual motion;
therefore, ~Z is not the spin axis in actual motion.) Also, one can
define a rotating coordinate system xyz with constant angular

Fig. 1 Coordinate system xyz for the spinning rotor
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velocity x3. It is also convenient to assume that xyz coincides
with the principal axes of the rotor in the virgin state. Note that
xyz axes do not attach to the rotor because the rotor can rock and
translate, but xyz axes cannot. Nonetheless, xyz axes are the best
coordinate system to describe the motion of the rotor. Let i, j, and
k be the unit vectors of the xyz coordinate system and I, J, and K
be the unit vectors of the inertia frame XYZ (or ~X ~Y ~Z) coordinate
system. Then

i

j

k

0
B@

1
CA ¼

cos x3t sin x3t 0

� sin x3t cos x3t 0

0 0 1

2
64

3
75

I

J

K

0
B@

1
CA (6)

Now let us consider the motion of a point P on the rotor. In the
virgin state, position of P relative to G0 is defined by vector ~r
(Fig. 1), where ~r � ~rxiþ ~ryjþ ~rzk. In the deformed state, the posi-
tion of P with respect to the inertia frame XYZ becomes

R
ðRÞ
P ð~r; tÞ ¼ OG0

��!
þ ~rþWðRÞð~r; tÞ (7)

where WðRÞð~r; tÞ is the displacement of P that includes rigid-body
motion (excluding the spin) and elastic deformation. The super-
script ðRÞ refers to the rotor.

Under the coordinate system xyz, several sets of complete mode
shapes are available. For example, when the rotor is stationary,
undamped, and subjected to free boundary conditions, the rotor
will have a set of complete mode shapes

WðRÞ
n ð~rÞ � WðRÞxn ð~rÞiþWðRÞyn ð~rÞjþWðRÞzn ð~rÞk (8)

with natural frequencies xðRÞn , n ¼ 0; 1; 2;…. (For rotors with

complicated geometry, WðRÞ
n ð~rÞ and xðRÞn can be calculated

through finite element analyses; for example.) Moreover, these

mode shapes are orthogonal satisfying
Ð

WðRÞ
m ð~rÞ �WðRÞ

n ð~rÞdm

¼ dmn and
Ð

VR WðRÞ
m ð~rÞ;WðRÞ

n ð~rÞ
� �

dV ¼ xðRÞn

� �2
dmn, where

VR �; �½ � is a potential energy inner-product operator of the rotor.

Also note that the mode shapes WðRÞ
n ð~rÞ include six infinitesimal

rigid-body modes with zero natural frequencies. Let us label the
zero-th mode as the infinitesimal rigid-body spin of the rotor, i.e.,

W
ðRÞ
0 ð~rÞ �

1ffiffiffiffi
�I3

p �~yiþ ~xjð Þ (9)

where �I3 is the centroidal mass moment of inertia about the spin
axis.

Since the vibration mode shapes are complete, the position vec-
tor R

ðRÞ
P ð~r; tÞ of the rotor in Eq. (7) can be approximated as

R
ðRÞ
P ð~r; tÞ � OG0

��!
þ ~rþ

Xnr

n¼1

WðRÞ
n ð~rÞqðRÞn ðtÞ (10)

where qðRÞn ðtÞ is the generalized coordinates whose response is to
be determined, and nr is the number of modes retained in the se-
ries for approximation. Note that the rigid-body spin of the rotor
W
ðRÞ
0 ð~rÞ does not appear in R

ðRÞ
P ð~r; tÞ because the spin of the rotor

is redundant and has been described by the rotation of the coordi-
nate system xyz. With the displacement in Eq. (10), the potential
energy of the rotor is

VðRÞ ¼ 1

2

ð
VR½WðRÞ;WðRÞ�dV ¼ 1

2

Xnr

n¼1

xðRÞn qðRÞn ðtÞ
h i2

(11)

According to Eq. (10), the velocity of point P is

_R
ðRÞ
P ð~r; tÞ ¼ x� ~rþ

Xnr

n¼1

WðRÞ
n ð~rÞ _qðRÞn ðtÞ

þ
Xnr

n¼1

x�WðRÞ
n ð~rÞ

h i
qðRÞn ðtÞ (12)

where x ¼ x3k. With the velocity field in Eq. (12), the kinetic
energy of the rotor is

TðRÞ ¼ 1

2
�I3x

2
3 þ

1

2

Xnr

n¼1

_qðRÞn

h i2

þ 1

2
x2

3

Xnr

n¼1

Xnr

m¼1

kmnqðRÞm ðtÞqðRÞn ðtÞ

þ x3

Xnr

n¼1

J
ðRÞ
bn _qðRÞn ðtÞ þ x2

3

Xnr

n¼1

JðRÞcn qðRÞn ðtÞ

þ x3

Xnr

n¼1

Xnr

m¼1

gnmqðRÞm ðtÞ _qðRÞn ðtÞ (13)

where

kmn ¼ knm � dmn �
ð

WðRÞmz ð~rÞWðRÞnz ð~rÞdm (14)

J
ðRÞ
bn � k �

ð
~r�WðRÞ

n ð~rÞdm (15)

JðRÞcn �
ð

~r �WðRÞ
n ð~rÞ � ~rzW

ðRÞ
nz ð~rÞ

h i
dm (16)

gnm ¼ �gmn � k �
ð

WðRÞ
m ð~rÞ �WðRÞ

n ð~rÞ
h i

dm (17)

For Eqs. (14)–(17), the integration is carried out with respect to
the rotor.

2.3 Bearing Deformations. The purpose of this section is to
derive bearing deformations in terms of qðHÞn ðtÞ and qðRÞn ðtÞ. Let A
and A0 be two mating surfaces of a bearing (e.g., inner race and
outer race), where A is on the rotor and A0 is on the stationary
housing. When the spindle vibrates, the two bearing surfaces
move relatively to each other. In addition, the relative motion
could be linear or angular.

To determine the linear bearing deformation, let rA and rA0 be
the position vector of A and A0, respectively. Then rA�rA0 defines
the linear bearing deformation. According to Fig. 2 and Eq. (10),

Fig. 2 Bearing position A and A0
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rA ¼ OG0
��!
þ G0A
��!
þ
Xnr

n¼1

WðRÞ
n ð~rAÞqðRÞn ðtÞ (18)

According to Eq. (4),

rA0 ¼
Xnh

n¼1

WðHÞ
n ðr̂AÞqðHÞn ðtÞ (19)

Based on Eqs. (18) and (19), the linear bearing deformation is
rA � rA0 � DxIþ DyJþ DzK, where

Dx �
Xnr

n¼1

WðRÞxn ð~rAÞ cos x3t�WðRÞyn ð~rAÞ sin x3t
h i

qðRÞn ðtÞ

�
Xnh

n¼1

WðHÞxn ðr̂AÞqðHÞn ðtÞ (20)

Dy �
Xnr

n¼1

WðRÞxn ð~rAÞ sin x3tþWðRÞyn ð~rAÞ cos x3t
h i

qðRÞn ðtÞ

�
Xnh

n¼1

WðHÞyn ðr̂AÞqðHÞn ðtÞ (21)

and

Dz �
Xnr

n¼1

WðRÞzn ð~rAÞqðRÞn ðtÞ �
Xnh

n¼1

WðHÞzn ðr̂AÞqðHÞn ðtÞ (22)

Note that the coordinate transformation in Eq. (6) is used because
WðRÞ

n ð~rAÞ in Eq. (18) is represented in coordinates xyz and must be
transformed into the inertia frame XYZ.

For the angular deformation of the bearing, the elastic deforma-
tion of the stationary housing will induce an infinitesimal rigid-
body rotation

a � axIþ ayJþ azK ¼
1

2
r�

Xnh

n¼1

WðHÞ
n ðr̂AÞqðHÞn ðtÞ (23)

where r̂A is the position vector of A in the XYZ frame. Similarly,
the rotor will experience an infinitesimal rigid-body rotation

b � bxiþ byjþ bzk ¼
1

2
r�

Xnr

n¼1

WðRÞ
n ð~rAÞqðRÞn ðtÞ (24)

Note that b in Eq. (24) is written in the rotating frames xyz. Trans-
forming b back to the inertia coordinates XYZ via Eq. (6) results
in

b ¼
Xnr

n¼1

bxn cos x3t� byn sin x3t
� �

qðRÞn ðtÞI

þ
Xnr

n¼1

bxn sin x3tþ byn cos x3t
� �

qðRÞn ðtÞJ

þ
Xnr

n¼1

bznqðRÞn ðtÞK (25)

The angular displacements of A relative A0 are n � nxI
þ nyJþ nzK, where

nx ¼
Xnr

n¼1

bxn cos x3t� byn sin x3t
� �

qðRÞn ðtÞ �
Xnh

n¼1

axnqðHÞn ðtÞ (26)

ny ¼
Xnr

n¼1

bxn sin x3tþ byn cos x3t
� �

qðRÞn ðtÞ �
Xnh

n¼1

aynqðHÞn ðtÞ (27)

and

nz ¼
Xnr

n¼1

bznqðRÞn ðtÞ �
Xnh

n¼1

aznqðHÞn ðtÞ (28)

2.4 Vector Notation. To keep track of the lengthy deriva-
tion, let us define the vector of generalized coordinates as

qðtÞ ¼ qT
HðtÞ; qT

RðtÞ
� �T

(29)

where qHðtÞ ¼ ½q
ðHÞ
1 ; q

ðHÞ
2 ; � � � ; qðHÞnh

�T and qRðtÞ ¼ ½q
ðRÞ
1 ; q

ðRÞ
2 ;

� � � ; qðRÞnr
�T . With the vector notation, the linear and angular bear-

ing deformations can be rewritten as

Db � Dx;Dy;Dz; nx; ny

� �T¼ BbðtÞqðtÞ (30)

where BbðtÞ � B
ð0Þ
b þ B

ð1Þ
b cos x3tþ B

ð2Þ
b sin x3t and the subscript

b refers to the bearings.

2.5 Generalized Bearing Forces. For each bearing, the bear-
ing forces consist of three force components and two moment
components. Moreover, the bearing forces are linear combination
of spring forces described by

Fb � Fxb;Fyb;Fzb;Mxb;Myb

� �T¼ �KbDb (31)

where Kb is a 5� 5 stiffness matrix. The virtual work done by the
bearing forces is

dWb ¼
X

FT
bdDb ¼ �dqTQb (32)

where the summation sums over all the bearings and Qb is
the generalized bearing force vector. Substitution of Eqs. (30)
and (31) into Eq. (32) yields Qb ¼ KBðtÞq, where KBðtÞ
�
P

BT
b ðtÞKbBbðtÞ.

2.6 Generalized Damping Forces. For rotating machines,
damping is very difficult to model accurately and effectively. If
the damping model is too simple, predictions on forced response
amplitude will be inaccurate. If the damping model is too compli-
cated, it could become impractical to apply. As a compromise, the
damping model used in this section assumes proportional damping
and modal viscous damping factors.

For the stationary housing, let us assume a damping force den-
sity (damping force per unit volume) as

FHðr̂; tÞ ¼ �2qH

XnH

n¼1

fðHÞn xðHÞn WðHÞ
n ðr̂Þ _qðHÞn ðtÞ (33)

where qH is the density of the stationary housing, and fðHÞn is the
viscous damping factor of each housing mode. In this case, the

model allows some flexibility through fðHÞn while keeping the com-
plexity of the model under control. The virtual work done by the
damping force is

ð
VH

FH � dRP

� �
dVH ¼ �2

XnH

n¼1

fðHÞn xðHÞn _qðHÞn ðtÞdqðHÞn ðtÞ (34)

where Eq. (4) has been used.
For the rotating part, there are two types of damping: internal

damping and external damping. For asymmetric rotors, external
damping is very difficult to model accurately and remains largely
open. Therefore, we will only focus on internal damping only. For
internal damping, let us assume
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FRð~r; tÞ ¼ �2qR

XnR

n¼1

fðRÞn xðRÞn WðRÞ
n ð~rÞ _qðRÞn ðtÞ (35)

where qR is the density of the rotor, and fðRÞn is the internal viscous
damping factor of each rotor mode. The virtual work done by the
internal damping force is

ð
VR

FR
� dRðRÞ

� 	
dVR ¼ �2

XnR

n¼1

fðRÞn xðRÞn _qðRÞn ðtÞdqðRÞn ðtÞ (36)

where Eq. (10) has been used.
Finally, the virtual work done by all the damping forces is

arranged in a matrix form

dWd ¼ �dqTD _q (37)

where

D ¼ 2� diag fðHÞ1 xðHÞ1 ;…; fðHÞnH
xðHÞnH

; fðRÞ1 xðRÞ1 ;…; fðRÞnR
xðRÞnR

h i
(38)

2.7 Equations of Motion. With the kinetic energy, potential
energy, and generalized bearing forces of the rotor-bearing-hous-
ing system, one can derive the equations of motion through use of
Lagrangian equations. The resulting equation of motion is

€qþ ½Gþ D� _qþ KþKBðtÞ½ �q ¼ 0 (39)

In Eq. (39),

G ¼
0 0

0 G22ðn;mÞ


 �
(40)

with G22ðn;mÞ ¼ 2x3gnm given in Eq. (17) and D is defined in
Eq. (38). Also,

K ¼
xH 0

0 xR � x2
3Kkðn;mÞ


 �
(41)

where xH � diag xðHÞ1

n o2

; xðHÞ2

n o2

;…; xðHÞnh

n o2

 �

, xR ¼ diag

xðRÞ1

n o2

; xðRÞ2

n o2

;…; xðRÞnr

n o2

 �

, and Kkðn;mÞ ¼ knm defined in

Eq. (14). KBðtÞ in Eq. (39) is symmetric and has periodic coeffi-
cients with the spin speed x3.

There are two things worth noting regarding the equation of
motion (Eq. (39)). First, not all rotor modes need to be retained in
Eq. (39). According to Kim et al. [20], the presence of bearings
may cause some rotor modes to couple with the bearings, while
other modes may not [20]. If a rotor mode presents unbalanced
inertia forces or moments as the rotor vibrates, the rotor mode is
called an unbalanced mode. The unbalanced inertia forces or
moments will result in deforming the bearings. Therefore, only
unbalanced modes will be coupled to the housing via the bearings,
and only unbalanced modes need to be retained in Eq. (39).

Second, instability of the rotor-bearing-housing system can be
found analytically or numerically. For analytical solutions, one
can use any perturbation method, such as the method of multiple
scales, to Eq. (39). Since KBðtÞ is symmetric in Eq. (39), the
rotor-bearing-housing system will present instability in the form
of combination resonances of the sum type, if the gyroscopic ma-
trix G and the damping matrix D are not present. Moreover, the
range of spin speed in which the combination resonance occurs
can be predicted analytically in terms of the coefficients in K and
KBðtÞ.

The instability can also be found by numerically integrating
the equation of motion (Eq. (39)). For example, Eq. (39) can be

written in a state-space form and integrated over one period of
time to find the fundamental matrix. If any eigenvalue of the fun-
damental matrix has a magnitude greater than unity, the rotor-
bearing-housing system is unstable.

2.8 Convergence Rate. The essence of this mathematical
model is component-mode synthesis, in which the rotor and hous-
ing are each treated as an individual component. Therefore, the
shape functions used to discretize each component will affect the
convergence rate of the model.

In this model, natural boundary conditions are imposed on each
component at the bearings to obtain mode shapes as the shape
functions. Such an approach provides great convenience because
mode shapes form a complete set of admissible functions. More-
over, this approach allows a simpler formulation of the centrifugal
softening, gyroscopic effects, and bearing deformation in general.
Nevertheless, a trade-off is the convergence rate because the natu-
ral boundary conditions may not be satisfied after the components
are assembled.

When modeling flexible multibody systems, Meirovitch and
Kwak [22] point out that convergence can suffer if the admissible
functions (mode shapes in our case) of substructures are not cho-
sen properly. The poor convergence results from the fact that a fi-
nite linear combination of the admissible functions is not able to
satisfy the natural boundary conditions. As a result, a relatively
large number of degrees of freedom are needed for a reasonable
convergence.

To prevent poor convergence rate, we use the concept of bal-
anced and unbalanced modes [20] to minimize the number of
mode shapes that are capable of satisfying all natural boundary
conditions. (Since unbalanced modes include both unbalanced
inertia forces and moments, their linear combination comprises
the minimum number of mode shapes to satisfy all possible natu-
ral boundary conditions.) We also conducted a convergence test to
ensure that the equations of motion have a decent convergence
rate.

3 Example 1: Axisymmetric Rotor

In this example, the rotor is a circular disk with a rigid hub; see
Fig. 3. The disk has an outer diameter of 152.8 mm, an inner di-
ameter of 37.28 mm, and a thickness of 0.79 mm. The disk is elas-
tic with a Young’s modulus of 280 GPa and Poisson’s ratio of
0.33 and has a density of 2700 kg/m3. The disk has a rigid hub at
the center with an outer diameter of 37.28 mm, an inner diameter
of 25 mm, and a thickness of 4.74 mm. Also, the hub is symmetric
with respect to the disk plane. Based on the rotor geometry, gyro-
scopic term will be negligible, i.e., G ¼ 0. Moreover, damping is
assumed to be zero, i.e., D ¼ 0, in this example to serve as a
reference.

The housing consists of a square plate and a shaft; see Fig. 4.
The length and thickness of the square plate are 180 mm and

Fig. 3 Finite element analysis (FEA) model: axisymmetric
rotor
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3.95 mm, respectively. The plate is elastic with a Young’s modu-
lus of 280 GPa and a Poisson’s ratio of 0.33 and has a density of
2700 kg/m3. Moreover, the square plate is simply supported at the
four corners. The shaft is rigid and is located at the center of the
plate. The shaft has an outer diameter of 25 mm and length of
5.925 mm.

The rotor and housing are connected via two ball bearings. The
outer race of the upper bearing is located at 0.79 mm above the
disk plane on the rigid hub. The outer race of the lower bearing is
located at 0.79 mm below the disk plane on the rigid hub. The
inner races of the bearings are located on the shaft of the housing.
Moreover, the bearing stiffness coefficients are given as

Kb ¼ diag 2:16� 107; 2:16� 107; 5:76� 106; 58:5; 58:5
� �

(42)

where the coefficients in Eq. (42) are in mks units.
To obtain natural frequencies xðRÞn and mode shapes WðRÞ

n ðrÞ of
the rotor, we first note that the rotor is subjected to free boundary
conditions. Therefore, the rotor will present both rigid-body
modes and elastic modes. The rigid-body modes are obtained ana-
lytically (cf. Eq. (9)), while the elastic modes are obtained via a fi-
nite element analysis in ANSYS. The elastic modes basically appear
as disk vibration with nodal diameters and nodal circles. (They
are not shown here due to space limitation.) A quick calculation
via Ref. [20] indicates that only zero- and one-nodal-diameter
modes are unbalanced modes.

For this example, the following modes are retained in Eq. (39):
(a) three rigid-body translational modes of the rotor along the x, y,
and z axes, (b) two rigid-body rocking modes of the rotor around
the x and y axes, (c) unbalanced modes of the rotors including
zero- and one-nodal-diameter modes whose natural frequencies
are lower than 4000 Hz, and (d) 14 elastic modes from the
housing.

To predict the stability of the rotor-bearing-housing system, the
equation of motion (Eq. (39)) is rewritten in a state-space form
and numerically integrated over a period of time to obtain its fun-
damental matrix. If any eigenvalue has a magnitude greater than
1, the system is unstable. Figure 5 shows the largest magnitude of
all eigenvalues from the fundamental matrix. As shown in Fig. 5,
there are three instability zones and each instability zone corre-
sponds to a combination resonance of the sum type. Each combi-
nation resonance involves a vibration mode from the housing and
a vibration mode from the rotor. The vibration mode from the
housing is the same for all instability zones. As far as the rotor
modes, the first and the last instability zones are dominated by
rigid-body rocking modes and rigid-body translational modes,
respectively. The second instability zone is dominated by a one-
nodal-diameter unbalanced mode with natural frequency of
1325.90 Hz. For the speed range shown in Fig. 5, the stiffness
matrix K remains positive definite. If the spin speed increases fur-
ther, K will lose its positive definiteness (cf. Eq. (41)) resulting in
a divergence instability.

For this example and its instability, there are several issues
worth further exploration. First, the equation of motion of an axi-
symmetric rotor-bearing-housing system can be written in a dif-
ferent form than Eq. (39). Since the spinning rotor is
axisymmetric, one can use a ground-based observer to describe
motion of the spinning axisymmetric rotor. By doing so, Tseng
et al. [21] shows that the equation of motion of an axisymmetric
rotor-bearing-housing system can take the form of ordinary differ-
ential equations with constant coefficients, i.e.,

€q0 þG0 _q0 þK0q0 ¼ 0 (43)

where q0 is a vector of generalized coordinates from the ground-
based observer only, and G0 and K0 are corresponding constant
gyroscopic and stiffness matrices observed in the ground-based
coordinates. (Note that G 6¼ G0 and K 6¼ K0.) For systems with an
axisymmetric rotor, equations of motion (Eqs. (39) and (43)) are
equivalent. One equation of motion can be derived from the other
if a coordinate transformation is introduced between the rotor-
based coordinates and the ground-based coordinates. Indeed, we
have verified it but cannot afford to present it here due to the
limited space. Such transformation has also been discussed in
Ref. [23].

Second, the stability predicted from Eqs. (39) and (43) should
be identical. According to Huseyin [24], the stability of the rotor-
bearing-housing system can be predicted through the use of the
characteristic equation of Eq. (43). Let k be eigenvalues of the
system, the characteristic equation of Eq. (43) can be written as a
function of k2, i.e.,

f ðk2Þ � �k2 � ikG0 þK0
�� �� ¼ 0 (44)

Complex k in Eq. (44) indicates instability of the system. After
we transform the equation of motion to the ground-based ob-
server, we have also calculated k according to Eq. (44). We
observe that k becomes complex at the same spin speed where the
rotor-bearing-housing system experiences instability as shown in
Fig. 5. Therefore, the stability predicted from Eqs. (39) and (43)
are indeed the same.

Third, instability does appear in gyroscopic systems under cer-
tain conditions. Meirovitch [25] shows that eigenvalues of
undamped gyroscopic systems are purely imaginary implying no
instability. That conclusion, however, is achieved under the
assumption that the stiffness matrix K0 is positive definite.
Huseyin [24] indicates that the instability can occur when a gyro-
scopic system loses its positive definiteness. According to our cal-
culation, all instabilities in Fig. 5 occur after the stiffness matrix
K0 in Eq. (43) has lost its positive definiteness. This finding is con-
sistent with the stability predictions by Huseyin [24] and Meiro-
vitch [25].

4 Example 2: Cyclic Symmetric Rotor

In this example, the rotor is a circular disk with four radial slots
evenly spaced in the circumferential direction; see Fig. 6. The
slotted disk also has a rigid hub. The disk has the same dimensions
and material as in example 1, except that the slots are 4.8 mm
wide and 52 mm long. The housing remains the same, and the
rotor is mounted on the housing through the same two bearings.
Again, there is no gyroscopic term, i.e., G ¼ 0. Both undamped
and damped systems are considered.

4.1 Undamped System. In this part of the example, the
damping term is assumed to be zero, i.e., D ¼ 0. For the rotor, its
rigid-body modes are calculated analytically. For the rotor’s elas-
tic modes, their natural frequencies xðRÞn and mode shapes
WðRÞ

n ðrÞ are obtained via ANSYS. For this example, the following
modes are retained in Eq. (39): (a) three rigid-body translational
modes of the rotor along the x, y, and z axes, (b) two rigid-body

Fig. 4 FEA model: housing
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rocking modes of the rotor around the x and y axes, (c) unbalanced
modes of the rotors with natural frequencies lower than 4000 Hz,
and (d) 14 elastic modes from the housing. Please note that the
unbalanced modes for the cyclic symmetric rotor are significantly
different from those of the axisymmetric rotor in example 1. Alto-
gether, 34 modes are retained in Eq. (39) for the cyclic symmetric
rotor-bearing-housing system due to the large number of unbal-
anced modes under 4000 Hz resulting from the slots.

To ensure that enough number of modes is retained, we check
the convergence by considering a stationary rotor with x3 ¼ 0.
Theoretically, the solution of Eq. (39) will converge to the exact so-
lution when infinitely many modes are retained. When x3 ¼ 0, the
exact solution can be approximated fairly well by using a finite ele-
ment analysis of the entire rotor-bearing-housing system. Table 1
compares the first 14 natural frequencies between these two sets of
solutions. The frequencies in the column labeled “ANSYS” are natu-
ral frequencies predicted from the finite element analysis of the
entire rotor-bearing-housing system with x3 ¼ 0. The frequencies
in the column labeled “MATLAB” are natural frequencies predicted
from Eq. (39) with 34 modes retained. According to Table 1, the
largest relative error between these two solutions is 3.63%. There-
fore, 34 modes are enough to ensure convergence in predicting an
accurate response of the cyclic symmetric rotor-bearing-housing
system.

When the spin speed x3 6¼ 0, the equation of motion (Eq. (39))
can be analyzed via the method of multiple scales to predict the

speed range in which combination resonance may occur. Table 2
shows the first four predicted speeds x and their bandwidth r,
where the combination resonance occurs at x� r=2 < x3

< xþ r=2.
At the same time, Eq. (39) can be numerically integrated as

explained above. Figure 7 shows the largest magnitude of eigen-
values from the fundamental matrix. (The numerical integration
was only performed within 64,000–135,000 rpm with a resolution
of 100 rpm.) As shown in Fig. 7, there are five instability zones.
The five instability zones basically have the same mechanism as
those shown in example 1. Each instability zone results from a
combination resonance between a housing mode and a rotor
mode. The housing mode involved is the same from example 1.
The first instability zone involves rigid-body rocking of the rotor.
The second, third, and fourth instability zones each involves an
unbalanced mode of the rotor. Finally, the last instability zone
involves rigid-body translation in the radial (x and y) directions.

There are several things worth discussing. First, the predictions
from the method of multiple scales (cf. Table 2) are quite accurate.
According to Fig. 7, the first four instability zones center around
64,000 rpm, 81,000 rpm, 122,000 rpm, and 135,000 rpm. These pre-
dictions, in general, agree well with those shown in Table 2.

Second, combination resonances resulting from the rigid-body
translation and rocking modes are almost identical for the axisym-
metric and cyclic symmetric rotors. Combination resonances
resulting from the unbalanced modes, however, are very different.
For the axisymmetric rotor, only one unbalanced mode with a nat-
ural frequency of 1325.90 Hz leads to an instability zone. For the
cyclic symmetric rotor, it has three unbalanced modes under
4000 Hz (i.e., 419.24 Hz, 1080.30 Hz, and 1272.40 Hz, respec-
tively). These unbalanced modes lead to the second, third, and
fourth instability zones shown in Fig. 7.

4.2 Effects of Damping. To examine how damping affects
the instability, let us incorporate the damping terms D 6¼ 0 into
the equation of motion (Eq. (39)) in two steps.

In the first step, the rotor damping is absent (i.e., fðRÞ ¼ 0),
whereas the housing damping fðHÞ is assumed constant. Figure 8
is the blowup of the fourth instability zone in Fig. 7 in the interval
of 136,000–152,000 rpm after damping of the housing modes is

Fig. 5 Parametric resonances of the axisymmetric rotor

Table 1 Natural frequency (Hz): ANSYS versus MATLAB

Mode ANSYS MATLAB % Relative error

1 148.55 149.41 0.58
2 148.55 149.41 0.58
3 294.22 296.10 0.64
4 313.30 313.22 0.03
5 423.82 423.99 0.04
6 423.82 423.99 0.04
7 452.99 452.89 0.00
8 440.45 456.42 3.63
9 472.59 472.59 0.02
10 925.25 928.78 0.38
11 925.27 929.01 0.40
12 1104.70 1109.39 0.42
13 1104.70 1109.39 0.42
14 1138.70 1139.08 0.03

Table 2 Instabilities: the method of multiple scales

Instabilities Speed x (rpm) Bandwidth r (rpm)

1 64,075.78 1193.66
2 81,426.85 311.12
3 122,565.22 3761.47
4 135,695.50 629.20

Fig. 6 FEA model: cyclic symmetric rotor
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included. As seen in Fig. 8, the width of the instability zone
increases as the viscous damping factor of the housing increases
(following the arrow). In other words, the housing damping has a
destabilizing effect.

In the second step, the viscous damping of the housing fðHÞ

remains the same, but the rotor damping is introduced such that
fðRÞ ¼ 0:05fðHÞ. Figure 9 is the same blowup of the fourth instabil-
ity zone with damping of both the housing and rotor included. As
seen in Fig. 9, the width of the instability zone decreases as the
rotor damping increases. In other words, the rotor damping has a
stabilizing effect.

The numerical results shown in Figs. 8 and 9 may seem some-
what counterintuitive. There are, however, theoretical supports
that housing damping could destabilize the system and rotor

damping could do the opposite. Let us investigate this in more
detail as follows.

According to Eq. (38), the damping matrix D has nonuniform
diagonal values resulting from different natural frequencies and
viscous damping factors of the housing and rotor modes. The
effect of nonuniform damping on parametrically excited systems,
whose equations of motion are similar to Eq. (39), is particularly
intriguing [26–28]. According to Refs. [26,27], nonuniform damp-
ing could worsen combination resonances by increasing the width
of instability zones under certain circumstances. The particular
circumstances depend highly on the structure of the periodic mat-
rices as well as the damping ratio of each mode. Therefore, effects
of nonuniform damping may vary significantly from one problem
to another.

On the other hand, this phenomenon can be viewed from a dif-
ferent perspective. If there exists a coordinate transformation such
that Eq. (39) can be transformed into an equation with constant
coefficients (as in example 1), it would take the form

€q0 þ ½G0 þ D0R þ D0H� _q0 þ ½K0 þ S0R�q0 ¼ 0 (45)

In Eq. (45), D0R and S0R are constant damping and circulatory mat-
rices resulting from the damping of the rotor modes, whereas D0H
results from the damping of the stationary housing. Equation (45)
is a standard form of damped gyroscopic systems with nonconser-
vative forces [29–32].

For such systems, damping can destabilize the otherwise stable
gyroscopic systems, and yet combination of damping and circula-
tory matrices can do the opposite [29,31,32]. In the case of asym-
metric rotors, such a coordinate transformation may not even
exist, and Eq. (45) is not necessarily achievable. Nonetheless, the
criteria provided in Refs. [29,31,32] are still good guidelines to
investigate the qualitative behavior of Eq. (39) when damping is
present.

Based on the results from Refs. [29,31,32], the presence of hous-
ing damping will introduce only D0H , which tends to destabilize the
coupled rotor-bearing-housing system. This is exactly what the nu-
merical results show in Fig. 8. In contrast, the damping of the rotor
modes contributes to both damping and circulatory matrices in Eq.
(45), which can stabilize the coupled rotor-bearing-housing system.
This is exactly what the numerical results show in Fig. 9. Therefore,
the numerical results in Figs. 8 and 9 are in line with theoretical
predictions from the literature [29,31,32].

Conclusions

Through the derivation and simulations shown in this paper, we
reach the following conclusions:

(1) For a spinning, cyclic symmetric rotor supported with lin-
ear bearings and an elastic housing, its equation of motion
takes the form of a set of ordinary differential equation
with periodic coefficient as shown in Eq. (39). The period
is 2p=x3.

(2) When the rotor is axisymmetric, the rotor-bearing-housing
system could become unstable due to combination reso-
nance of the sum type. The combination resonance involves
a vibration mode of the housing and a vibration mode from
the rotor. The vibration mode from the rotor can be a rigid-
body translation mode, a rigid-body rocking mode, or an
elastic rotor mode that has unbalanced inertia forces or
moments (i.e., an unbalanced rotor mode). This combina-
tion resonance only occurs when the stiffness matrix,
viewed from the ground-base observer, loses its positive
definiteness.

(3) When the rotor is cyclic symmetric, the rotor-bearing-hous-
ing system could become unstable due to combination reso-
nance of the sum type. The combination resonance has the
same characteristics as in the case of an axisymmetric rotor.
Since cyclic symmetric rotors have more unbalanced

Fig. 7 Parametric resonances of cyclic symmetric rotor

Fig. 8 Effect of housing damping on instability zone

Fig. 9 Effect of housing and rotor damping on instability zone
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modes, more combination resonances appear in spinning
cyclic symmetric rotor-bearing-housing systems.

(4) When damping is present in a coupled rotor-bearing-hous-
ing system, qualitative behavior of the instability is similar
to that of a damped gyroscopic system with nonconserva-
tive forces. Damping of the housing widens the instability
zones further destabilizing the system. Rotor damping tends
to stabilize the system by reducing the width of the instabil-
ity zones.
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